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ON THE CAP PRODUCT IN HOCHSCHILD THEORY
MARCO ARMENTA
Abstract. In this paper we give an axiomatic characterization of the
cap product in the Hochschild theory of associative unital algebras which
are projective over a commutative unital ring. We also give an inter-
pretation of the cap product with coefficients in the algebra via chain
maps.
1. Introduction
The work done in [1] shows that the cap product is a derived invariant,
as it is known for the cup product and the Gerstenhaber bracket. Moreover,
the Gerstenhaber module structure of Hochschild homology over Hochschild
cohomology via the combination of the cap product and the Connes differen-
tial, also known as a Tamarkin-Tsygan calculus structure, is also a derived
invariant, see [2]. Therefore, more computational techniques for the cap
product are needed in order to calculate these derived invariants. We ad-
dress this with two approaches. The first by following the ideas of Sanada
in [4] and [5]. In his work, Sanada gives an axiomatic characterization of the
cup product in Hochschild cohomology. We give an axiomatic characteriza-
tion of the cap product a la Sanada. For the second approach we recall that
the cup product can be realized by chain maps induced from cocyles, see [6]
section 2.2. We give an interpretation of the cap product, with coefficients
in the algebra, via chain maps induced by a cocycle.
Let k be a commutative unital ring and A an associative unital k-algebra
that is projective as a k-module. The tensor products over k will be written
without subscript. We denote by Ae the enveloping algebra of A which is
equal to A⊗Aop as a k-module with product
(a⊗ b)(a′ ⊗ b′) = aa′ ⊗ b′b,
for a, a′ ∈ A and b, b′ ∈ Aop. We identify A-bimodules with left (and right)
Ae-modules. The bar resolution of A will be denoted as Bar(A)•. It is given
by Bar(A)n = A
⊗(n+2), the differential is
dn(a0 ⊗ · · · ⊗ an+1) =
n∑
i=0
(−1)ia0 ⊗ · · · ⊗ aiai+1 ⊗ · · · ⊗ an+1,
and the augmentation is the multiplication µ : A ⊗ A → A of the algebra
A. Let N and M be Ae-modules. The Hochschild homology of A with
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coefficients in N is defined as
Hn(A,N) = Hn
(
N ⊗
Ae
Bar(A)•
)
for every n ≥ 0. The Hochschild cohomology of A with coefficients in M is
defined as
Hm(A,M) = Hm
(
HomAe(Bar(A)•,M)
)
for every m ≥ 0. Since A is k-projective, the bar resolution is a projective
resolution of A as an Ae-module and we have that
Hn(A,N) ∼= Tor
Ae
n (N,A) and H
m(A,M) ∼= ExtmAe(A,M),
so that Hochschild (co)homology can be computed via any Ae-projective
resolution of A. The (co)homology class of a (co)cycle will be denoted by
brackets [−]. We write HHn(A) = Hn(A,A) and HH
m(A) = Hm(A,A).
The cap product of A is the graded map
∩ : Hn(A,N) ⊗H
m(A,M)→ Hn−m(A,N ⊗
A
M)
given by
[x⊗
Ae
a0⊗· · ·⊗an+1]∩ [t] = [x⊗
A
t(a0⊗· · ·⊗am⊗1)⊗
Ae
1⊗am+1⊗· · ·⊗an+1],
for a cycle x ⊗
Ae
a0 ⊗ · · · ⊗ an+1 ∈ N ⊗
Ae
A⊗(n+2) and a cocycle
t ∈ HomAe(A
⊗(m+2),M), where we have denoted by 1 ∈ A the unit of A.
In fact, the cap product is defined at the level of (co)chains by the same
formula.
2. Diagonal map
Let P• → A be a projective resolution of A as an A
e-module and denote by
di : Pi → Pi−1 the differential of P• and the augmentation by d0 : P0 → A.
A diagonal map on P• is △ = {△i,j}i,j≥0 where
△i,j : Pi+j → Pi ⊗
A
Pj
is a map of Ae-modules such that the following equations hold:
• △i,jdi+j+1 = (di+1 ⊗
A
1)△i+1,j +(−1)
i(1⊗
A
dj+1)△i,j+1,
• (d0 ⊗
A
d0)△0,0 = d0.
The map △i,j : A
⊗(i+j+2) → A⊗(i+2) ⊗
A
A⊗(j+2) given by
△i,j(a0 ⊗ · · · ⊗ ai+j+1) = (a0 ⊗ · · · ⊗ ai ⊗ 1)⊗
A
(1⊗ ai+1 ⊗ · · · ⊗ ai+j+1)
defines a diagonal map on the bar resolution, see [5].
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Remark 2.1. Let Bar(A)• → A be the bar resolution and △ the diagonal
map mentioned above. Then at the level of (co)chains we have that
(x ⊗
Ae
a0 ⊗ · · · ⊗ an+1) ∩ t = (id⊗
A
t ⊗
Ae
id)
(
x⊗
A
△m,n−m(a0 ⊗ · · · ⊗ an+1)
)
,
for all x ∈ N , all a0⊗· · ·⊗an+1 ∈ A
⊗(n+2) and all t ∈ HomAe(A
⊗(m+2),M).
Note that we have composed △ with the quotient map
Pm ⊗
A
Pn−m → Pm ⊗
Ae
Pn−m.
Remark 2.2. Let N , M and L be Ae-modules. We will identify N⊗
A
M ⊗
Ae
L
with N ⊗
Ae
M ⊗
A
L via the canonical isomorphism α⊗
A
β ⊗
Ae
γ 7→ α ⊗
Ae
β ⊗
A
γ.
Let△ : P• → P•⊗AP• be a diagonal map. When i = m and j = n−m−1
we have that
(1) △m,n−m−1dn = (dm+1 ⊗
A
id)△m+1,n−m−1 +(−1)
m(id⊗
A
dn−m)△m,n−m .
Each term in this equation is a map from Pn to Pm ⊗
A
Pn−m−1. The term
△m,n−m−1dn is the composition
Pn
dn
// Pn−1
△m,n−m−1
// Pm ⊗
A
Pn−m−1 ,
which induces a commutative diagram
N ⊗
A
Pn
id⊗
A
dn
//

N ⊗
A
Pn−1
id⊗
A
△m,n−m−1
//

N ⊗
A
Pm ⊗
A
Pn−m−1

N ⊗
Ae
Pn
id ⊗
Ae
dn
// N ⊗
Ae
Pn−1
id ⊗
Ae
△m,n−m−1
// N ⊗
Ae
Pm ⊗
A
Pn−m−1,
where the vertical maps are the obvious quotient maps. The same construc-
tion for the other terms in (1) and reordering of the factors gives
(2)
(id⊗
A
id ⊗
Ae
dn−m)(id⊗
A
△m,n−m)
= (−1)m id⊗
A
(△m,n−m−1dn) + (−1)
m+1(id⊗
A
dm+1 ⊗
Ae
id)(id⊗
A
△m+1,n−m−1).
For the sake of simplicity we will not write the quotient maps. Again, we
have composed △ with the quotient map Pi ⊗
A
Pj → Pi ⊗
Ae
Pj .
3. Axiomatic characterization of the cap product
We denote by [N,A] the submodule of N generated by elements of the
form ax−xa for x ∈ N and a ∈ A, and by MA the submodule of M formed
by elements m such that am = ma for all a ∈ A. Let P• → A be an
Ae-projective resolution of A. There is an isomorphism
ψ : H0(A,N) → N/[N,A]
[x ⊗
Ae
p] 7→ [xd0(p)],
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and recall from [5] that there is also an isomorphism
ϕ : H0(A,M) → MA
[t] 7→ t˜(1),
where t = t˜d0 and 1 ∈ A is the unit. The well-definedness of ψ and ϕ
depends on the exactness of the sequence P1 → P0 → A→ 0. Let Z = Z(A)
be the center of the algebra A. A cap product on A is a map
∩ : Hn(A,N) ⊗H
m(A,M)→ Hn−m(A,N ⊗
A
M)
for all positive integers m ≤ n and all Ae-modules N and M , that satisfies
the following four axioms:
(QI) ∩ induces a morphism of Z-modules
∩ : Hn(A,N)⊗
Z
Hm(A,M)→ Hn−m(A,N ⊗
A
M).
(QII1) Let
0 // N1
f
// N2
g
// N3 // 0
and
0 // N1 ⊗
A
M
f⊗id
// N2 ⊗
A
M
g⊗id
// N3 ⊗
A
M // 0
be short exact sequences of Ae-modules. Then
δ(γ ∩ ǫ) = (−1)m(δγ) ∩ ǫ
for γ ∈ Hn(A,N3) and ǫ ∈ H
m(A,M), where δ is the connecting
homomorphism of the Hochschild homology functor H•(A,−).
(QII2) Let
0 // M1
f
//M2
g
// M3 // 0
and
0 // N ⊗
A
M1
id⊗f
// N ⊗
A
M2
id⊗g
// N ⊗
A
M3 // 0
be short exact sequences of Ae-modules. Then
δ(γ ∩ ǫ) = (−1)m+1γ ∩ (∂ǫ)
for γ ∈ Hn(A,N) and ǫ ∈ H
m(A,M3), where ∂ is the connecting
homomorphism of the Hochschild cohomology functor H•(A,−).
(QIII) The following diagram is commutative
H0(A,N) ⊗
Z
H0(A,M)
∩
//
∼= ψ⊗Z
ϕ

H0(A,N ⊗
A
M)
∼= ψ

N
[N,A]
⊗
Z
MA //
N ⊗
A
M
[N ⊗
A
M,A]
,
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where the map in the bottom is given by [x]⊗
Z
y 7→ [x⊗
A
y], and the
vertical maps are the isomorphisms defined at the beginning of this
section.
Theorem 3.1. There exists one and only one cap product satisfying prop-
erties (QI)− (QIII).
Proof. For a projective resolution P• → A of A as an A
e-module and a
diagonal map △ : P• → P• ⊗
A
P• we define
∩ : N ⊗
Ae
Pn ⊗HomAe(Pm,M)→ N ⊗
A
M ⊗
Ae
Pn−m
by
x ⊗
Ae
p ∩ t := (id⊗
A
t ⊗
Ae
id)
(
x⊗
A
△m,n−m(p)
)
.
We first prove that this product descends to (co)homology. Let x ⊗
Ae
p ∈
N ⊗
Ae
Pn be a cycle and let t ∈ HomAe(Pm,M) be a cocycle. By (2) we have
that
(id⊗
A
id ⊗
Ae
dn−m)(x ⊗
Ae
p ∩ t)
= (id⊗
A
id ⊗
Ae
dn−m)(id⊗
A
t ⊗
Ae
id)(x⊗
A
△m,n−m(p))
= (id⊗
A
t ⊗
Ae
id)(id⊗
A
id ⊗
Ae
dn−m)(x⊗
A
△m,n−m(p))
= (−1)m(id⊗
A
t ⊗
Ae
id)(x⊗
A
△m,n−m−1
(
dn(p)
)
)
+(−1)m+1(id⊗
A
t ⊗
Ae
id)(id⊗
A
dm+1 ⊗
Ae
id)(x⊗
A
△m+1,n−m−1(p)).
By Remark 2.2 and the discussion following it, we have that
(id⊗
A
△m,n−m−1)(id⊗
A
dn)(x⊗
A
p) = (id ⊗
Ae
△m,n−m−1)(id ⊗
Ae
dn)(x ⊗
Ae
p) = 0.
Observe also that (id⊗
A
t ⊗
Ae
id)(id⊗
A
dm+1 ⊗
Ae
id)(x⊗
A
△m+1,n−m−1(p)) is equal
to
(id⊗
A
tdm+1 ⊗
Ae
id)(x⊗
A
△m+1,n−m−1(p)) = 0
since t is a cocycle. Therefore x⊗
Ae
p∩ t is a cycle. We now compose equation
(2) on the left with (id⊗
A
t ⊗
Ae
id) to obtain
(id⊗
A
id ⊗
Ae
dn−m)(x ⊗
Ae
p∩ t) = (−1)mx ⊗
Ae
dn(p)∩ t+(−1)
m+1x ⊗
Ae
p∩ (tdm+1).
From this equation it is clear that ∩ is well-defined in (co)homology
∩ : Hn(A,N)⊗H
m(A,M)→ Hn−m(A,N ⊗
A
M).
We now prove that this product satisfies the Q-properties. It is clear that it
satisfies property (QI). Take short exact sequences as in (QII1). Let γ be an
element ofHn(A,N3) represented by a cycle x⊗
Ae
p for x ∈ N3 and p ∈ Pn. Let
ǫ be an element of Hm(A,M) represented by a cocycle t ∈ HomAe(Pm,M).
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We use the snake lemma to construct δ(γ) ∈ Hn−1(A,N1). We have a
diagram
N2 ⊗
Ae
Pn
g⊗
Ae
id
//
id ⊗
Ae
dn

N3 ⊗
Ae
Pn // 0
N1 ⊗
Ae
Pn−1
f ⊗
Ae
id
// N2 ⊗
Ae
Pn−1.
There exists y =
∑
i yi ⊗
Ae
pi ∈ N2 ⊗
Ae
Pn such that x ⊗
Ae
p =
∑
i g(yi) ⊗
Ae
pi.
There also exists z =
∑
j zj ⊗
Ae
qj ∈ N1 ⊗
Ae
Pn−1 such that
∑
j f(zj) ⊗
Ae
qj =∑
i yi ⊗
Ae
dn(pi). Therefore δ(γ) = [z] ∈ Hn−1(A,N1). We now compute
δ(γ ∩ ǫ). There is a diagram
N2 ⊗
A
M ⊗
Ae
Pn−m
g⊗
A
id ⊗
Ae
id
//
id⊗
A
id ⊗
Ae
dn−m

N3 ⊗
A
M ⊗
Ae
Pn−m // 0
N1 ⊗
A
M ⊗
Ae
Pn−m−1
f⊗
A
id ⊗
Ae
id
// N2 ⊗
A
M ⊗
Ae
Pn−m−1.
The element x ⊗
Ae
p ∩ t lies in N3 ⊗
A
M ⊗
Ae
Pn−m and y ∩ t is an element of
N2⊗
A
M ⊗
Ae
Pn−m. The morphism g⊗
A
id ⊗
Ae
id maps y∩ t to x ⊗
Ae
p∩ t. Indeed,
x ⊗
Ae
p ∩ t =
(∑
i g(yi) ⊗
Ae
pi
)
∩ t
=
∑
i
(
g(yi) ⊗
Ae
pi ∩ t
)
=
∑
i(id⊗
A
t ⊗
Ae
id)(g(yi)⊗
A
△m,n−m(pi))
=
∑
i(id⊗
A
t ⊗
Ae
id)(g ⊗
A
id ⊗
Ae
id)(yi ⊗
A
△m,n−m(pi))
= (g ⊗
A
id ⊗
Ae
id)
∑
i(id⊗
A
t ⊗
Ae
id)(yi ⊗
A
△m,n−m(pi))
= (g ⊗
A
id ⊗
Ae
id)
(∑
i(yi ⊗
Ae
pi) ∩ t
)
= (g ⊗
A
id ⊗
Ae
id)(y ∩ t).
Since t is a cocycle, by (2) we get that
(id⊗
A
t ⊗
Ae
id)(id⊗
A
△m,n−m−1 dn) = (−1)
m(id⊗
A
t ⊗
Ae
dn−m)(id⊗
A
△m,n−m).
CAP PRODUCT 7
Observe also that z ∩ t is an element of N1 ⊗
A
M ⊗
Ae
Pn−m−1 and then
(f ⊗
A
id ⊗
Ae
id)(z ∩ t) = (f ⊗
A
id ⊗
Ae
id)
(∑
j zj ⊗
Ae
qj ∩ t
)
= (f ⊗
A
id ⊗
Ae
id)
∑
j(id⊗
A
t ⊗
Ae
id)(zj ⊗
A
△m,n−m−1(qj))
=
∑
j(id⊗
A
t ⊗
Ae
id)(f ⊗
A
id ⊗
Ae
id)(zj ⊗
A
△m,n−m−1(qj))
=
∑
j(id⊗
A
t ⊗
Ae
id)(f(zj)⊗
A
△m,n−m−1(qj))
= (id⊗
A
t ⊗
Ae
id)
(∑
j f(zj)⊗
A
△m,n−m−1(qj)
)
=
(∑
j f(zj) ⊗
Ae
qj
)
∩ t
=
(∑
i yi ⊗
Ae
dn(pi)
)
∩ t
=
∑
i
(
yi ⊗
Ae
dn(pi) ∩ t
)
=
∑
i(id⊗
A
t ⊗
Ae
id)(yi ⊗
A
△m,n−m−1
(
dn(pi)
)
)
= (−1)m
∑
i(id⊗
A
t ⊗
Ae
dn−m)(yi ⊗
A
△m,n−m(pi))
= (−1)m(id⊗
A
id ⊗
Ae
dn−m)
∑
i(id⊗
A
t ⊗
Ae
id)(yi ⊗
A
△m,n−m(pi))
= (−1)m(id⊗
A
id ⊗
Ae
dn−m)
(∑
i yi ⊗
Ae
pi ∩ t
)
= (−1)m(id⊗
A
id ⊗
Ae
dn−m)(y ∩ t).
Therefore
δ(γ ∩ ǫ) = (−1)m[z ∩ t]
= (−1)m[z] ∩ [t]
= (−1)m(δγ) ∩ ǫ.
Now take short exact sequences as in (QII2). Let γ ∈ Hn(A,N) be repre-
sented by a cycle x ⊗
Ae
p ∈ N ⊗
Ae
Pn and let ǫ ∈ H
m(A,M3) be represented by
a cocycle t3 ∈ HomAe(Pm,M3). We use the snake lemma to construct ∂(ǫ).
There is a diagram
HomAe(Pm,M2)
g#
//
d
#
m+1

HomAe(Pm,M3) // 0
HomAe(Pm+1,M1)
f#
// HomAe(Pm+1,M2).
Where f# denotes the image of f under the covariant Hom functor, and
d#m+1 the image of dm+1 under the contravariant Hom functor. There exists
t2 ∈ HomAe(Pm,M2) such that g#t2 = gt2 = t3. There also exists t1 ∈
HomAe(Pm+1,M1) such that ft1 = f#t1 = d
#
m+1t2 = t2dm+1. Therefore
∂(ǫ) = [t1] ∈ H
m+1(A,M1). We now compute δ(γ ∩ ǫ). There is a diagram
N ⊗
A
M2 ⊗
Ae
Pn−m
id⊗
A
g⊗
Ae
id
//
id⊗
A
id ⊗
Ae
dn−m

N ⊗
A
M3 ⊗
Ae
Pn−m // 0
N ⊗
A
M1 ⊗
Ae
Pn−m−1
id⊗
A
f ⊗
Ae
id
// N ⊗
A
M2 ⊗
Ae
Pn−m−1.
8 MARCO ARMENTA
The element x ⊗
Ae
p ∩ t3 lies in N ⊗
A
M3 ⊗
Ae
Pn−m and x ⊗
Ae
p ∩ t2 lies in
N ⊗
A
M2 ⊗
Ae
Pn−m. Then
(id⊗
A
g ⊗
Ae
id)(x ⊗
Ae
p ∩ t2) = (id⊗
A
g ⊗
Ae
id)(id⊗
A
t2 ⊗
Ae
id)
(
x⊗
A
△m,n−m(p)
)
= (id⊗
A
gt2 ⊗
Ae
id)
(
x⊗
A
△m,n−m(p)
)
= (id⊗
A
t3 ⊗
Ae
id)
(
x⊗
A
△m,n−m(p)
)
= x ⊗
Ae
p ∩ t3.
Recall from the first part of the proof that
(id⊗
A
dm+1⊗
Ae
id)
(
x⊗
A
△m+1,n−m−1(p)
)
= (−1)m+1(id⊗
A
id ⊗
Ae
dn−m)(x⊗
A
△m,n−m(p)),
since x ⊗
Ae
p is a cycle. Now x ⊗
Ae
p ∩ t1 is an element of N ⊗
A
M1 ⊗
Ae
Pn−m−1
and we get
(id⊗
A
f ⊗
Ae
id)(x ⊗
Ae
p ∩ t1) = (id⊗
A
f ⊗
Ae
id)(id⊗
A
t1 ⊗
Ae
id)
(
x⊗
A
△m+1,n−m−1(p)
)
= (id⊗
A
ft1 ⊗
Ae
id)
(
x⊗
A
△m+1,n−m−1(p)
)
= (id⊗
A
t2dm+1 ⊗
Ae
id)
(
x⊗
A
△m+1,n−m−1(p)
)
= (id⊗
A
t2 ⊗
Ae
id)(id⊗
A
dm+1 ⊗
Ae
id)
(
x⊗
A
△m+1,n−m−1(p)
)
= (−1)m+1(id⊗
A
t2 ⊗
Ae
id)(id⊗
A
id ⊗
Ae
dn−m)
(
x⊗
A
△m,n−m(p)
)
= (−1)m+1(id⊗
A
id ⊗
Ae
dn−m)(id⊗
A
t2 ⊗
Ae
id)
(
x⊗
A
△m,n−m(p)
)
= (−1)m+1(id⊗
A
id ⊗
Ae
dn−m)
(
x ⊗
Ae
p ∩ t2
)
.
Therefore
δ(γ ∩ ǫ) = (−1)m+1[x ⊗
Ae
p ∩ t1]
= (−1)m+1[x ⊗
Ae
p] ∩ [t1]
= (−1)m+1γ ∩ (∂ǫ).
To prove (QIII), take [x ⊗
Ae
p] ∈ H0(A,N) and [t] ∈ H
0(A,M). Denote
△0,0(p) = △
1
0,0(p)⊗
A
△20,0(p). Then
ψ([x ⊗
Ae
p] ∩ [t]) = ψ[x⊗
A
t△10,0 (p) ⊗
Ae
△20,0(p)]
= [x⊗
A
t˜d0 △
1
0,0 (p)d0 △
2
0,0 (p)]
= [x⊗
A
t˜(1)(d0 ⊗
A
d0)△0,0 (p)]
= [x⊗
A
t˜(1)d0(p)],
while
(ψ ⊗
Z
ϕ)
(
[x ⊗
Ae
p]⊗
Z
[t]
)
= [xd0(p)]⊗
Z
t˜(1)
= [d0(p)x]⊗
Z
t˜(1) 7→ [d0(p)x⊗
A
t˜(1)]
= [x⊗
A
t˜(1)d0(p)].
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We now prove uniqueness. We say that
Hn(A,N) ⊗
Z
Hm(A,M)→ Hn−m(A,N ⊗
A
M)
is the degree (n,m) of a cap product. Let ∩ and ∩′ be two cap products. By
properties (QI) and (QIII) they coincide in degree (0, 0). We will prove by
induction that they coincide in every degree. Assume they agree in degree
(n,m). Let α ∈ Hn(A,N) and β ∈ H
m+1(A,M). As in [4] page 73, there is
a short exact sequence
0→M → Homk(A,M)→ C(M)→ 0
where the first map is induced by the action of A on M and C(M) is the
corresponding cokernel. The connecting homomorphism
∂ : Hm(A,C(M))→ Hm+1(A,M)
is surjective. Then there exists β′ ∈ Hm(A,C(M)) such that ∂(β′) = β.
The elements α∩ β′ and α∩′ β′ coincide since they are in degree (n,m) and
therefore
α∩β = α∩(∂β′) = (−1)m+1δ(α∩β′) = (−1)m+1δ(α∩′β′) = α∩′(∂β′) = α∩′β.
Then ∩ and ∩′ agree in degree (n,m + 1). Let α ∈ Hn+1(A,N) and β ∈
Hm(A,M). As in [4] page 73, there is an exact sequence
0→ K(N ⊗
A
M)→ A⊗ (N ⊗
A
M)→ N ⊗
A
M → 0
where the last map is induced by the action of A on N ⊗
A
M and K(N ⊗
A
M)
is the corresponding kernel. Dual to Corollary 1.5 page 73 of [4], we obtain
that the connecting homomorphism
δ : Hn−m+1(A,N ⊗
A
M)→ Hn−m(A,K(N ⊗
A
M))
is an injection. The elements (δα) ∩ β and (δα) ∩′ β coincide since they are
in degree (n,m). Then
δ(α ∩ β) = (−1)m(δα) ∩ β = (−1)m(δα) ∩′ β = δ(α ∩′ β),
and since δ is an injection we get that α ∩ β = α ∩′ β. Therefore ∩ and ∩′
coincide in degree (n+ 1,m). 
4. The cap product via chain maps
We proceed to give an interpretation of the cap product in terms of chain
maps when we take N =M = A, that is
∩ : HHn(A)⊗HH
m(A)→ HHn−m(A),
for positive integers m ≤ n. This is the version of the cap product used for
the Tamarkin-Tsygan calculus structure in Hochschild (co)homology, see [2].
Let P• → A be an A
e-projective resolution of A and let t ∈ HomAe(Pm, A)
be a cocycle. We proceed to construct a chain map as in [6] pages 23-25.
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DefineKm = ker(dm) ⊆ Pm−1, since t is a cocycle there is a map tˆ : Km → A
such that tˆǫm = t where ǫm : Pm → Km ∼= Pm/Im(dm+1) is the quotient
map. By the comparison theorem, see [3] pages 340-341, there exists maps
ti : Pm+i → Pi for each i ≥ 0 such that the following is a commutative
diagram with exact rows
· · ·
dm+i+1
// Pm+i
ti

dm+i
// · · ·
dm+1
// Pm
t0

ǫm
//
t
''◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
Km //
tˆ

0
· · ·
di+1
// Pi
di
// · · ·
d1
// P0
d0
// A // 0.
Let a ⊗
Ae
p ∈ A ⊗
Ae
Pn be a cycle. We define an element of A ⊗
Ae
Pn−m by
(a ⊗
Ae
p)∩˜t := a ⊗
Ae
tn−m(p).
The lift t• : Pm+• → P• is unique up to homotopy and then for any other
lift t′• : Pm+• → P• the elements a ⊗
Ae
tn−m(p) and a ⊗
Ae
t′n−m(p) represent the
same homology class. Observe also that a ⊗
Ae
tn−m(p) is a cycle since a ⊗
Ae
p
is a cycle and t• is a chain map. If a ⊗
Ae
p is a boundary, then a ⊗
Ae
tn−m(p) is
a boundary since t• is a chain map. If t is a coboundary, we may set tj = 0
for all j ≥ 1, see [6] pages 25-26, and then (a ⊗
Ae
p)∩˜t = 0. Therefore the
∩˜-product induces a well-defined product in (co)homology.
We will now prove that the ∩˜-product is equivalent to the ∩-product.
Take P• to be the bar resolution Bar(A)•. Let t ∈ HomAe(A
⊗(m+2), A) be
a cocycle. We define a morphism of complexes t• : Bar(A)•+m → Bar(A)•
by maps ti : A
⊗(m+i+2) → A⊗(i+2) defined as
ti(a0 ⊗ · · · ⊗ am+i+1) = t(a0 ⊗ · · · ⊗ am ⊗ 1)⊗ am+1 ⊗ · · · ⊗ am+i+1.
Finally
a ⊗
Ae
(a0 ⊗ · · · ⊗ an+1)∩˜t = a ⊗
Ae
(
tn−m(a0 ⊗ · · · ⊗ an+1)
)
= a ⊗
Ae
t(a0 ⊗ · · · ⊗ am ⊗ 1)⊗ am+1 ⊗ · · · ⊗ an+1
= at(a0 ⊗ · · · ⊗ am ⊗ 1) ⊗
Ae
1⊗ am+1 ⊗ · · · ⊗ an+1
= a ⊗
Ae
(a0 ⊗ · · · ⊗ an+1) ∩ t.
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